A semiclassical treatment of the interaction of non-uniform electric
  fields with the electric quadrupole moment of a neutral particle by Bakke, K.
ar
X
iv
:1
90
2.
08
45
1v
2 
 [q
ua
nt-
ph
]  
7 M
ar 
20
19
A semiclassical treatment of the interaction of non-uniform
electric fields with the electric quadrupole moment of a neutral
particle
K. Bakke∗
Departamento de F´ısica, Universidade Federal da Para´ıba,
Caixa Postal 5008, 58051-900, Joa˜o Pessoa, PB, Brazil.
Abstract
By applying the WKB (Wentzel, Kramers, Brillouin) approximation, we analyse the interaction
of the electric quadrupole moment of a neutral particle with radial electric fields produced by a
non-uniform electric charge densities. Then, we show particular cases of this interaction where a
discrete spectrum of energy can be achieved for the s waves of the neutral particle.
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I. INTRODUCTION
The seminal work of Aharonov and Casher [1] has brought a great interest in quantum
effects associated with neutral particles. Since then, geometric quantum phases have been
investigated for neutral particles with permanent electric dipole moment [2, 3], induced
electric dipole moment [4, 5], electric quadrupole moment [6, 7] and magnetic quadrupole
moment [6, 8]. This interest has gone further in search of analogues of the Landau quan-
tization [8–12] and quantum hall effect [13, 14]. Besides, analogues of the Aharonov-Bohm
effect for bound states [15, 16] have been discussed for a neutral particles in several quantum
systems [8, 17–19].
In this work, we focus on a quantum system that consists of a neutral particle with
an electric quadrupole moment that interacts with non-uniform electric fields. We analyse
this system from a semiclassical point of view by using the the WKB (Wentzel, Kramers,
Brillouin) approximation [20–22]. This approximation has been widely explored in the lit-
erature. For instance, it has been used to investigate anharmonic oscillators [21, 23–25],
inverse power-law potentials [26–28], spin-orbit coupling [29], polynomial potentials [30],
electron in a uniform magnetic field [31, 32], PT -symmetric quantum mechanics [33–35]
and graphene [36, 37]. An interesting question about the use of WKB approximation was
raised by Langer [38] when a system has the spherical symmetry. Langer showed that it
is needed to modify the centrifugal term in the radial equation, and how to deal with the
singularity at the origin. This way of dealing with the centrifugal term and the singularity
at the origin becomes known in the literature as the Langer modification or Langer transfor-
mation [22, 39, 40]. Based on the Langer transformation, systems with spherical symmetry
have been investigated with the WKB approximation [22, 38, 41–43]. Further, Berry and
co-workers [39, 40] showed the treatment of the WKB approximation with the cylindrical
symmetry. Therefore, in this work, we search for bound states solutions through the WKB
approximation when the electric quadrupole moment of a neutral particle interacts with
radial electric fields.
The structure of this paper is: in section II, we start with the quantum description of
the electric quadrupole moment system. Then, we consider a long non-conductor cylinder
that possesses non-uniform electric charge densities, and thus, make a semiclassical analysis
of the interaction of the electric quadrupole moment and the radial electric fields produced
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by these non-uniform electric charge densities, in section III, we present our conclusions.
II. SEMICLASSICAL ANALYSIS
The electric quadrupole moment has brought attention in studies of atomic systems [44,
45], molecular systems [46–50], nuclear structure [51, 52] and strongly magnetized Rydberg
atoms [53]. With the focus on geometric quantum phases, Chen [6] obtained it from the
interaction of a moving particle with electric quadrupole moment with a magnetic field.
Then, based on the system proposed by Chen [6], analogues of the scalar potential V (r) ∝
r−1 have been analysed in Refs. [54, 55]. An analogue of the Landau quantization has
been studied in Ref. [12]. On the other hand, the quantum description of the electric
dipole moment system proposed in Ref. [6] allows to investigate the interaction between
the electric quadrupole momentum of a neutral particle with electric fields. With this
purpose, an analogue of the scalar Aharonov-Bohm effect has been obtained in Ref. [7].
Moreover, based on the duality transformation or Heaviside transformations [56], quantum
effects associated with an analogue of the scalar potential V (r) ∝ r−1 that stems from
the interaction of the electric quadrupole moment with an axial electric field have been
investigated in Ref. [57]. In this section, our aim is to analyse the interaction of the electric
quadrupole moment and radial electric fields through the WKB approximation [39, 40].
Therefore, by considering a spinless neutral particle with an electric quadrupole mo-
ment that moves with velocity v ≪ c (c is the velocity of light), the corresponding time-
independent Schro¨dinger equation is given by [7, 54, 55, 57]
Eψ = 1
2m
[
pˆ +
1
c
( ~Q× ~B)
]2
ψ − ~Q · ~E ψ. (1)
Observe that the components of the vector ~Q are determined by Qi =
∑
j Qij ∂j , where Qij
corresponds to the electric quadrupole tensor. The tensor Qij is symmetric and traceless.
Moreover, the fields ~B and ~E are the magnetic and electric fields in the laboratory frame,
respectively.
In the following, we analyse the interaction of the electric quadrupole moment of a neutral
particle with electric fields produced by non-uniform electric charge densities inside a long
non-conductor cylinder. This analysis is made through the WKB approximation based on
the cylindrical symmetry [22, 40].
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A. Analogue of the linear scalar potential
Let us consider an electric field produced by a non-uniform (positive) electric charge
density ρ = µ¯ r (µ¯ is a constant) inside of a long non-conductor cylinder. Thereby, the
radial electric field is given by
~E =
1
2
µ r2 rˆ, (2)
where µ is a constant associated with the (positive) electric charge density. Furthermore,
based on the properties of the tensor Qij , let us consider the electric quadrupole moment
tensor to be defined by the following components:
Qr r = Qϕϕ = −Q; Qzz = 2Q, (3)
where Q is also a constant (Q > 0) and the remaining components are null. With Eqs.
(2) and (3), we have that the interaction of the electric quadrupole moment of the neutral
particle with the radial electric field yields an effective scalar potential in the Schro¨dinger
equation (1) given by
Veff (r) = −~Q · ~E = Qµ r. (4)
Moreover, we have that this effective scalar potential plays the role of a linear scalar potential
in the Schro¨dinger equation (1).
With the cylindrical symmetry, hence, the time-independent Schro¨dinger equation for
a neutral particle with an electric quadrupole moment (2) that interacts with the radial
electric field (3) is written in the form:
Eψ = − ~
2
2m
[
∂2
∂r2
+
1
r
∂
∂r
+
1
r2
∂2
∂ϕ2
+
∂2
∂z2
]
ψ +Qµ r ψ. (5)
Note that the operators Lˆz and pˆz commute with the Hamiltonian operator given in the
right-hand side of Eq. (5), therefore, we can write the solution to the Schro¨dinger equation
(5) in terms of the eigenvalues of these operators as follows:
ψ (r, ϕ, z) = eilϕ+ikzR (r) , (6)
where l = 0, 1, 2, . . . is the quantum number associated with the z-component of the angular
momentum and−∞ < k <∞ is the eigenvalue of the z-component of the linear momentum.
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Thereby, by substituting (6) into Eq. (5), we obtain the following radial equation:
R′′ +
1
r
R′ − l
2
r2
R− 2mµQ
~2
r R +
[
2mE
~2
− k2
]
R = 0. (7)
From now on, let us write the radial wave function in the form:
R (r) =
1√
r
u (r) , (8)
and then, the radial equation becomes
u′′ − (l
2 − 1/4)
r2
u− 2mµQ
~2
r u+
[
2mE
~2
− k2
]
u = 0. (9)
Based on Refs. [22, 40], the WKB approximation becomes valid in the presence of the
cylindrical symmetry when we replace the term (l2 − 1/4) with l2 in the centrifugal term of
the radial equation. Besides, let us simplify our discussion by taking k = 0 from now on. In
this way, we define
q (r) =
√
2m [E − µQ r]− l
2~2
r2
, (10)
and thus, the radial equation (9) takes the form:
u′′ +
q2 (r)
~2
u = 0. (11)
Furthermore, we must observe that the radial wave function is written in the WKB
approach as [22, 40]:
u (r) ∼= 2√
q (r)
cos
(
1
~
∫ r
r1
q (r′) dr′ − π
4
)
. (12)
Hence, the Bohr-Sommerfeld quantization for the cylindrical symmetry is given by [22,
40]:
1
~
∫ r2
r1
q (r) dr =
(
n− 1
2
)
π, (13)
where n = 1, 2, 3, . . . is the quantum number associated with the radial modes, and r1 and
r2 are the turning points.
An interesting point raised in Refs. [22, 38–40] is the behaviour of the s waves when we
deal with the WKB approximation. The s waves are defined by taking l = 0. For s waves,
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the wave function (12) is well-behaved at r1 = 0 as shown in Ref. [22]. Therefore, we have
one turning point, which is determined when E = V (r2). In this way, we have
r2 =
E
µQ
. (14)
With r1 = 0 and r2 given in Eq. (14), then, the left-hand side of Eq. (13) yields
1
~
∫ r2
0
q (r) dr =
1
~
√
2mµQ
∫ r2
0
√
r2 − r dr
(15)
=
2
3 ~
√
2mµQ (r2)
3/2 .
By substituting Eq. (15) into Eq. (13), thus, we obtain that the allowed energies En, l
associated with the s waves:
En, 0 = µQ
[
9 ~2π2
8mµQ
(
n− 1
2
)2]1/3
. (16)
Hence, by using the WKB approximation to analyse the interaction of the electric
quadrupole moment of a neutral particle (3) with the radial electric field (2), we have a
discrete spectrum of energy that stems from this interaction. In this case, this interaction
has gave rise to an analogue of the linear confining potential. However, the allowed energies
(16) are observed only for s waves. For l 6= 0, the turning point (14) is modified and the
result given in Eq. (15) cannot be achieved. Moreover, the energy levels (16) could not be
obtained for other configuration of the electric quadrupole moment.
B. Analogue of r3-potential
Let us consider another distribution of electric charges inside of a long non-conductor
cylinder. The non-uniform electric charge density is given by ρ = ν¯ r3 (ν¯ is also a constant),
thus, it produces inside the cylinder the following radial electric field:
~E =
1
2
ν r4 rˆ, (17)
where ν is also a constant associated with the (positive) electric charge density. Let us also
consider the electric quadrupole moment of the neutral particle to be defined in Eq. (3).
Thereby, the effective scalar potential given in the Schro¨dinger equation (1) becomes
Veff (r) = −~Q · ~E = Qν r3. (18)
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Since the radial coordinate is defined in the range 0 < r < ∞, then, we have that this
effective scalar potential plays the role of a confining scalar potential in the Schro¨dinger
equation (1). In particular, the r3-potential has been analysed in the literature as an anhar-
monic term with the purpose of obtaining the perturbative corrections of the spectrum of
energy of the one-dimensional harmonic oscillator [20, 58, 59]. Therefore, with the effective
scalar potential (18), Eq. (1) takes the form:
Eψ = − ~
2
2m
[
∂2
∂r2
+
1
r
∂
∂r
+
1
r2
∂2
∂ϕ2
+
∂2
∂z2
]
ψ +Qν r3 ψ. (19)
By following the steps from Eq. (6) to Eq. (10), we can define:
q (r) =
√
2m [E − ν Q r3]− l
2~2
r2
, (20)
where we have taken k = 0 and replaced the term (l2 − 1/4) with l2 as in the previous
section.
Let us also consider the s waves, i.e., let us take l = 0. As shown in Ref. [22], for s waves
we have that r1 = 0, thus, we have one turning point given when E = V (r2). In this way,
this turning point is
r2 =
( E
ν Q
)1/3
. (21)
In order to deal with the left-hand side of Eq. (13), let us perform a change of variables
given by x = ν Q
E
r3. Then, we have
1
~
∫ r2
0
q (r) dr =
√
2mE
3~
( E
Qν
)1/3 ∫ 1
0
x−2/3
√
1− x dx
=
√
2mπ
6~
1
(Qν)1/3
Γ (1/3)
Γ (11/6)
E5/6, (22)
where Γ (1/3) and Γ (11/6) are the gamma functions [60]. Hence, by substituting Eq. (22)
into Eq. (13), we obtain the allowed energies En, l associated with the s waves:
En, 0 =
[
6~
(
n− 1
2
)√
π
2m
· (Qν)1/3 · Γ (11/6)
Γ (1/3)
]6/5
. (23)
Hence, through the WKB approximation, we have that the s waves of the neutral par-
ticle possesses a discrete spectrum of energy that stems from the effective scalar potential
Veff (r) ∝ r3 that plays the role of a confining scalar potential. As we have seen, this effec-
tive scalar potential is produced by the interaction of the radial electric field (17) and the
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electric quadrupole moment tensor defined in Eq. (3). We should also observe that for other
configurations of the electric quadrupole moment tensor Qij , the effective scalar potential
(18) could not be achieved and, as a consequence, the energy levels (23) cannot be obtained.
Besides, for l 6= 0, the turning point (21) is modified and the result given in Eq. (22) cannot
be achieved.
C. Analogue of the attractive logarithmic potential
Let us consider a non-uniform electric charge density inside of a long non-conductor
cylinder, with an inner radius r0, given by ρ = E0 ln (r/r0), where E0 is a constant (E0 > 0).
Then, this non-uniform electric charge density produces the radial electric field:
~E = E0 r
[
1
2
ln (r/r0)− 1
4
]
rˆ, (24)
By considering the components of the electric quadrupole moment tensor to be defined
in Eq. (3), then, the effective scalar potential given in Eq. (1) becomes
Veff (r) = −~Q · ~E = QE0
2
[
ln (r/r0)− 1
2
]
. (25)
Therefore, it plays the role of an attractive logarithmic potential [21, 22, 61, 62] in the
Schro¨dinger equation (1). Thereby, Eq. (1) becomes
Eψ = − ~
2
2m
[
∂2
∂r2
+
1
r
∂
∂r
+
1
r2
∂2
∂ϕ2
+
∂2
∂z2
]
ψ +
QE0
2
[
ln (r/r0)− 1
2
]
ψ. (26)
Since we have the cylindrical symmetry in Eq. (26), thus, we can follow the steps from
Eq. (6) to Eq. (10) and define:
q (r) =
√
2m
[
E¯ − QE0
2
ln (r/r0)
]
− l
2~2
r2
, (27)
where we have defined E¯ = E + q E0
4
and taken k = 0.
As discussed in the previous section, for s waves (l = 0) we have that r1 = 0. The turning
point in the present case is
r2 = r0 e
2E¯/QE0. (28)
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With the purpose of dealing with the left-hand side of Eq. (13), let us perform a Langer-
type transformation: r = r0 e
−x. Then, we have
1
~
∫ r2
0
q (r) dr =
r2
~
√
mQE0
∫
∞
0
√
x e−x dx
(29)
=
r2
~
√
mQE0
√
π
2
.
Hence, by substituting Eq. (29) into Eq. (13), we can also obtain the energy levels associated
with the s waves:
En, 0 = QE0
2
ln
(
~
r0
√
π
QE0m
[
n− 1
2
])
− QE0
4
. (30)
Hence, by analysing the behaviour of the neutral particle subject to the effective attractive
logarithmic potential through the WKB approximation, we have in Eq. (30) the allowed
energies associated with the s waves. This effective attractive potential is produced by the
the interaction of the radial electric field (24) and the electric quadrupole moment tensor (3).
Note that effective scalar potential could not be achieved for an electric quadrupole tensor
that differs from that defined in Eq. (3). Furthermore, observe that for l 6= 0 the turning
point (28) is different, thus, the results given in Eqs. (29) and (30) cannot be obtained.
III. CONCLUSIONS
We have used the WKB approximation to analyse the interaction of the electric
quadrupole moment of a neutral particle with radial electric fields produced by a non-uniform
(positive) electric charge densities. Three different cases, where effective (attractive) scalar
potentials stem from this interaction, have been proposed. In these cases, we have shown
that bound states solutions associated with the s waves can be achieved. Besides, we have
obtained the allowed energies for each case. Observe that the non-uniform electric fields
inside a long non-conductor cylinder are hard to achieve in the experimental context. In
Ref. [63], one can find discussions about this topic. On the other hand, this theoretical
point of view of the interaction of the electric quadrupole moment with non-uniform electric
fields can be in the interests of the studies of quantum effects on neutral particles systems.
It has been inspired in Ref. [9], where a discussion about the possibility of achieving the
quantum Hall effect for neutral particles with permanent magnetic dipole moment is made.
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